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2.

the

S~tETRY PROPERTIES OF E6 .

Our object in this Sec. IB to revi$< the quantum number structure of

1
representations of E6 in a fashion that Im very convenient for nwfiy



uf3eful. Each representation vcctnr is labeled by a weiEht. In the “l)ynkin

basis” the components of n weiRht A are Y .Jntegcr~ a~, defined by the

scalar products,

(1)
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number of Hilbert space vectors in an Irrep with the same weight; additional

labels are needed to distinguish degenerate weights.)

We will need to compute many scalar products in weight space. Because

the simple root basis is not orthonormal, the scalar product of weights with

components ai and a’i involves a metric tensor, which IB closely related

to the inverse of the Cartan matrix A-l, and is A
-1

for the algebras where the

9imple root9 all have the same Iengtlls. Thus. the scalar product of fit and A’ is

L
(A,A’) = z

ai(A-l)il a’j =~DA+~iaIiS
iJ=I iel (2)

&
al -

aj(A-’)ji .

WC will often give A ~nthc “Dynkin basis” (a . ..a~) , and we wIII cn]l it
N

A
putting:the components in square brarkclts.

when multiplied by the metric, ~- [sl . ..a~].~Tho inverse of tllc

Cilrtiln matrix (A ltm~lf cm be read off the llynkin diagram) for E6 i~

‘4 5 ii 4 2 3’

5 Irl 12 $: 4 6

6 12 lR 12 (i 9

4 8 12 10 5 h
(3)



measured along the axia,

-em
Q -1 3[ 212010], (4)

where the normalization of ~em is chosen so ttlac the electric charge of

any weight (or state) is given by the sc;llar product,

(5)

Thus, the ( 1 0 0 0 0 O) has electric charge 2/3, (-1 1 0 0 0 O) has charge

-1/3, ( O 0-1 1 0 1) has charge -2/3, and so on. lie will need to djscuss

the conventions concerning the embedding of electromagnetism in E6.

Before we cm identify the physical relcvnnce of the root~ and axus

in wci~ht space, we must find out how color and flavor are emhcddcd In ];6.

This ernhedding can he done in a coordinate independent fa#hion.
4,5

The’rc’ 1~

only one embrdding of QCII and QEI’I ~hat Kcxmfi to hnvr u chunc~’ of b~’ing

relevant. This embedding is identifi~wl hy the requirement that the ~ IUIK 9

color singlets, 3 qunrk~ and 3 nntiquurks, where two of the qunrks hrrvr [11~’rtrll’

charge -1/3 and the otlwr qunrk ha% churgc 2/3. (The emhcDddlnflfi W~tll ‘I,I(I

sjnglet, onc octet, 3 quilrh~, nncl 3 nntIqllilrks iippc.nr irrclovnnt, n~ do mru

exotic char~r amilgnmunt~l; l$Or many pUrpOSLIH LI1[N ruorc!lnntu Ind(’pi’lldulll

Htutenwnt nr tllr cmlwldlng JR Hufflt:fQnt. lhlWC’VL*r. r[lr pr:l(:tJ[.ill ralr\IliIljclIIH

of symrwtry brcnklnn and mnHH mntrjt!c’H,

coordinnt~zutlon o~ the wcjRht SP.ICU.

herr: other convuntionH nru rvlntcwl hy

jt i.H oftcrr Ilclprul

lb’c f~}llnw n ror+nln

iI WLIyl rufJrrtltin,
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where the first SU3 in (8) contains SU2W, the weak isospin. (We have

ignored the U1’s, but this omission will be filled in later.) Our embedding

conventions are to follow Ref. 6, where the highest weightm of an irrep are

projected onto highest weights of the irreps to which it branches, for the

chain in (6). Then for

dircctiona in E6 weight

other embedding. (For

The projection matrices

r( solo> SU5 )

(7) and (8), we require that the same physical

space as derived from (6) are maintained for the

example, the same roots correspond to SU3C, etc.)

for the subgroup chain in (6) are6

[

01 1 1 00

000001

(-)01000

000 1 1 0

110000

[

110(’)0

00i(’11 \

00010

\ol 1 (-1 c1I

1’( SI!5 ~ :W2 x SU3) =

\o () 1 1/

(9)

(lo)

(11)
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a root in the Q of SOIO.
‘is ’010

weight 1s then ~rojected by (10) to

the SU5 weight (-1 1 0 1), which is a root in the adjoint ~. Finally (11)

projects (-1 1 0 1) to ( 1)( O 1) of SU2 X SU3, which identifies the

( 1-1 1-1 1 O) root of E6 as a color triplet with 13W = 1/2; it is the

charge 4/3,SU5 antilcpto-diquurk that mediates pr~ton decay. It is a simple

computation to construct the rest of Table 1 for the 78, and also to work

out Table 2 for the 27 of %. The columns labeled SU5(S010) gives the SOIO irrep—

into which the E6 weight branches, and then tells which SU5 irrep that che

7 The simple roots are recovered at level 10 or minus
’010

weight branches into.

level 12.
In computing the proflectlon matrices for the subgroup chains (7) and (8),

we requir~ that the E
6

roots have the same’ interprctntion as the chain given

by (9), (10), and (11). That is our convcntinn. Thus we must require that

the projection matrix for (8) carries the ( 1-1 1-1 1 O) root to

( 1 0)( : 0)( o 1) or SU3 x SU3

Q
cm

= 4/3, and is an antiqunrk,

(~,~,~) + (q,a,l) + (~qi.~), WC

(12)[)
a () ] 11

() o 1 0 0

P( S010=MU2 x S112 x S114) = 1 1 1 n 1

1 1 1 0

-1 -1 -1 -1 ~

.; )
1 0 0

(13)1’( SU4 3 SU3’: ) o 1. 0

Of cour~c, (1.2) nnd (13) nrc’ uHcful for Htudylng SO1[] throrlrM. F’illillly, WL’

find for Lllc pr[].lcctlon nmtrlx of (tI),



[)
111110

0 -1 -1 -1 -1 0

001000

p( E6 n SU3 X SU3 X SU3c)= o 0 -1 -1 0 0

122101 (14)

001111
1“

For SU5 theories, this machinery is e.tronger than is usually needed, althouRh

it ie very easy to uae and actually simplifies many computations. (As an

exercise, consider the SU5 fermion mass matrix including the ~ and ~

terms: remember to use the Kronecker products in doing this.)

The eigenvalues of the generators in the Cnrtnn subalgebra can bc

const; . cd and computed in a straightforward fashion by somputing the axes

and no~lization as done for the electr!c charge in (4). Since the valuvs

of these quantum numbers are already kl:cwn from coordinate inde~endcnt

5
methods, the computation is well ciefined. In Table 3 wc hnvc llstecl a

complete set of Generators for the flavor interactions. TWO of the Cartall

~ubalgebra members are in SLl r
3’

and the other 4 incluac: the U1 in E6 z

so,” x u t
1’

which we call L!
1

: tllL1 U] in SOl[;’~ SL15 X U
1’

which we call

“1 ‘;
and th~’ weak isospin and h:fperchargc axes. These latter axes arc

normalized in the usual

The qunntum number

aummarizul in ‘I%JIJIc*H1,

I?l?lway, so () = 13w+ Yw/i.

structure of the 116 gencrntors and irreps is

2, ilnd 3. in ‘lhblc 1, half of the nonzero rootH of E6

important roots. I hope that the render will enjoy checking these tilbl~~ and

finding just IIOW slmp]e It iH tf! identify the phyHicnl content of the I;6

gcncratnrH nml mtnten. TIICHC’ techniquc~ cnn bu UHC!d for cvun bigger grnup~,
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‘Uch as ’018 0= ‘022’
8

of E
6

tithout using

We now turn

and for even larger irrepa, Rucn as the 351 or 1728——

6
a computer, although a program does exist.

to an important application of the above formalism, that

of investigating the symmetry

a Higgs potential and doing a

physical constraints that any

breaking of E6. Instead of trying to set up

messy minimization problem, we apply several

symmetry breaking me, hanism must satisfy if

the atanderd i.~del is to be recovered in its usual form.

If a field or “effective field” has a nonzero vacuum expectation value,

then the weight of Lhnt field determines much about the symmetry breqking.

E6 models have n set of lepto-diquark bosons that mediate proton decay in

14
second order, so these bosons must have superlarge (>10 GeV) masses

from a big symmetry breakin~, -Just as in the N.15 model.
9

The direction of the

big brcakir,g in the 6-dimensional wei~ht space, written in the Dynkin basis (l),

is called B. Similarly, the little breaking, which Elve} Lsses to tileweak

Iwsons and may a.l:+o

Of course there may

contribute to other ~~osons in the

bc snri intermediate mass scales,

theory, is callcIrJ 1,.

but generalizations to

ihat case w~l.1. be cibvlou.~.

The weight-spuce direction of ]! must hc perpendicular to the SU3c” roots,

or else the color-changing gluons will acquire mns~c’s, and It must b~’

pt=rpendiculnr to I+w, the roct of the wmk isospfn ra~sing operator. so that

the charged, weak boHnn does not got a superlar~r ma~s. In Tuble 1 we find

that the S113C root~ lie in the plane formed by ( C O 0 0 0 1) and ( O 1 0 0-1 O),

which implien that cl! ~ymmctry breaking directInnH must havr the

parametrization,%= [-c d n b d (11, where X ~H d{’fined in (7). TIIc I+,w

weight 1s ( 1 0 0 0 1-1), HO the big breaking has the form,

d
B=[-ccnhc O]. (15)

‘1’he column labeled %’* In Tahlc ] givcH a parameterlziltlon of tht! vector



boson ma9s eigenvalues for each root

that must be included for other than

In order to show that the boaon

in terms of B, up to an isoscalar factor

adjoint breaking.

mass eigenvaluea are proportional to

the weight-space scalar products of the roots and the symmetry breaking

direction, we examine a simple example. The boson mass matrix in the treu

approximation to the Hfggs model has the form,

where the vacuum expectation value of the scalar fields ~v(r, >) has

weight ~ and belongs to representation ~, and <~)~l~~l~j>’> 1s a

matrix element of the generator X(,. We use this notation in order to

emphasize that $v(r,~) is a tensor operator. Thus, we can use Lhe commutat~on

(17)

Tile advantage of writing the mnss miltrlx in this basis-indepcndunt notation

sufficient gauge freedom to rvtntc $@A), llltcl tllc Glrtilll SLll)illgL1bril Of (:.

(18)



2
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Even without an expllrit mndul of ~ymmctry hrrnklng, there nr~’ iI few

mrc comncnts ~hxt Eay prove Intcremting.

(1) Much of th~’ uisc.u##Jion Jlbrnlt B in not nctu:l]lv restricted tll~
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3. AN E6 HODE1.

Thcru iH a

wcalq and atrcq

WITH COMPOSITE HIKN A:lI) TAU FAMT1.TES

widonprcnd bcllci tlm L the ~tnldnrd model of cltwtromn~nutico

intornctlonH corrutly df”HrrlboH low cn~r;:y datn. TlttI
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the exceptional group 1164 and the elementary fermions nrc aasiuncd tc the ~.

We now “derive” this E6 mdcl, bccnuac such n discussion nhown thnt the

mdcl 16 quite unique. Suppoqc tllnt c’ iH n simple Me Rroup thnt unifie~ color

5
ant. flavor Jn thu um.ml wnv, nnd that there iH n U, fnctor Ult, not Jn C’,
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MC select the G’ that is as small as poasiblc. C’ must hnve complrx

Irrepa, BO the smallest candidate for G’ is SU5, with

transforming a~ ~+ ~. NOW, SU5 X Ult is a maximal

and ‘010”
There arc no irrcpH of d~mcnsion le~s than

the elementary fermions

subgroup of SU6, Splo,

5000 of SU6 or Sp
]0

that contain a ~

conserved h QED

and e+ will hind

‘+ NJ of Slj.
’01 r)

IN unacccptnhle hccnuHe pnrlty must bc
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binding stro,ig enough that the composites appear pointlike to all probes made

ao far, such am in lepton pair production or 8-2 experiments. The composltc

fermions are due to the binding of the 16 and~ in the ~ to the elementary—

ferminns with Qt of opposite sign. The spectrum of left-harlded fennions,

claHHJriL!d by so lo irreps IH

‘L
- (~+~+~) + (16) + (~+—

TIN? first ~ct in (26) arc the elementary fermlcnH In

nrlHeH from the binding of
‘“c ’010

uinglet fcnnian

and 1~ the mo~t tightly hound: the third Hc: nriseH

m) .
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For the composite fermion model to imitate physical reality, the bindine

force must be very strong and very short ranged. Thus the vector bosnn

mediating the force must be very heavy (perhaps around 10 TeV) and the coupling

~t(Q2) mat bc very large at small Q2. Without adequate field theory

technology to compute large running coupling~, it iEI nuc possible to give

quantitative results about the ❑ asaea and the behavior of the binding force.

However, the behavior of smnll couplings is well understood from che

perturbation theoretic rentment of the renormalization group equations; sincr

we know that the values of the standard model gaugu couplingH are small at

Q2 around 10 C~V2, it IS necessary to cl~cck wll@tllcrjt is !.ndecd possjblc~

to compute ~t(Q2) for nll (/2 ,

The urgumcnt tlmt CIIC gauge coupling~

connistcncy. If tlw ~lH of vector bosc,~s

fcrrnions uru the only cnntrilJutlonH to the



19

growth makes it possible to speculate that in a region between the weak

boeon mass and the unification mass, the gauge couplings may be large and

&t(Q2) “freezes out” with a large value. We could also speculate that the

couplings do eventually become small and asymptotically free before unification,

(nt large Q2 the bound states no longer contribute) so that the proton decay

rate in not too fast and the unification maiw 1s not too close tn tlw Planck

mass. The dynamicnl symmetry breaking may cause the desert to bloom.

If this ❑cenario is correct, then we must

some computations in unified models, Problems

rcvcrsecl over the situation with the usual SU
5

change nttitldes toward

and advantages seem to be

model. The unification mas~,
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‘I’able i. Nonzero E6 ROGtS.

root Level color

Color SU3 roots

(000001) 0 (11)

(0100-10) A ( 2-1)

(0-10011) 7 (-1 2)

Left-handed SU3 ‘“oc~tH

(10001-1) b (00)

(-1 I o 0 l-l) ) (00)

(-210000) J2 (00)

Right-!landed SU3 roots

( o-1 1 1-1-1) 9 (00)

(0 o-1 2-1 o) 1P (00)

( 0-1 2-1 o-1) 10 ( () ~)

Sl!. {1: “ lepto-rllq~crkH

( L 1-1 1 ()) 4 (01)

( I 01-1 ()-1) :! ( 1-.1)

( 1-1 1-1 1-1) 15 (-1 ())

( o-1 1-1 0 1) 9 (0 1)

(n O.1-1-.1 0) 13 ( 1-;)

( 0-1 1-1 () (’)) 20 (-1 0)

S0,[)/S1:5lupt(lflllilrkH

(()()1 00-1) I ( 1 o)

( ()-l 1 (1 l-l) H (-1 1)

( f) o I (1 ()-2) 12 ( a-l)

(-1 () I ()-10) () (lo)

(-l-l 1 000) 13 (-1 1)

(-1 f) I o-l-l) 17 ( ()-l)

(-1 00 1 ()()) 4 (() 1)

(-l I [J l-l-l) H ( l-l)

(-1 00 I n-l) 15 (-1 n)

H(,/s(j(, Icpl[qu:lrk!!

(0 I ()-1 I ()) “1 ( I 0)

( [) () o-1 2 ()) 10 (-1 1)

(o I ()-l l-l) 14 ( o-l)

Q
em

o
0
0

1

0

-1

4/3

4/3

4/3

l/3

1/3

1/’!

2/’1

2/1

2/3

-1/3

-1/7

-1/”1

-2/’1

-’J/”]

-:/”1

13W
o

0
0

J

1/2

-1/2

(l

o

(1

J/;?

1/2

J/’J

-1/2

-1/2

-1/2

o

()

()

Qt

o

0

0

(-)

-3

-3

3

3

(-l

()

()

o

()

(l

o

()

()

()

()

()

()

()

o

0

-1

- ‘1

-:1

SU5(S010) ;-Z

24(45)

24(45)

24(45)

24(45)

%)

?(16)

1(R)

R(n)

10(45)

24(45)

24(45)

24(45)

24(45)

24(,5)

24(45)

10(45)

10(45)

10(45)

10(45)

l(l(4r))

10:45)

10(45)

10(4’)1

10(4’))

10(10)”

1[)(1(1)

10(1(})

o

0

0

0

3C

3C

U+I>-2C

-a+2b-c

2il-Ij-(!

n-h-(.

n-h-r

ii-h-C

n-b-c

n-1)-c’

I.1- }-(”

;1

;1

11

II

;1

{I

1)+1”

1)+(!

Il+r

-1)+21’

-l,+:J’.

-1)+:!(’
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Table 1. (continued)

(-1 1 0-1 0 1)

(-1 00-1 1 1)

(-1 1 0-10 o)

(-1 o 1.-1 1 o)

(-1 1 1-1 o-1)

(-1 o 1-1 l-l.)

(-1 1-1 01 1)

(-1 2- I () o n)

(-1 l-i ()1 (1)

8

15

19

5

9

16

6

10

17

(lo)

(-1 1)

( 0-1)

(01)

( l-l)

(-1 0)

(01)

( 1-1)

(-1 0)

-1/3

-1/3

-1/3

1/3

1/3

1/3

-2/3

-2/3

-2/3

-1/2

-1/2

-1/2

o

0

()

o

0

0

-3

-3

-3

-3

-3

-3

-3

-3

-3

10(16)

10(16)

10(16)

3(16)

3(M)

5(16)

10(16)

10(16)

10(16)

-ll+2c

-b+2c

-b+2c

a-b+2c

a-b+2c

a-b+2c

-Zl+3c

-a+3c

-a+3c

2tl-E r 1

2d-,, ● 1

2tl- 1*1

3d~]

3(IS1

3d&l

2d-c ? 2

2d-e L 2

2d-t! ● 2



Table 2. Weights and Content of the ~ of E6 .

weight

(00010-1)

(-1 001-1 o)

( 1-1 1-1 0 o)

(10-1001)

( 00 1-1 l-l)

(-1 o 1-1 0 o)

(01-1010)

(-1 1-1 0 0 1)

( 1-1 0 1-1 0)

(100000)

(1””10010)

(1.0000-1)

(0000-11)

(O-1 OLIO1)

(0000-10)

(-110000)

(-100010)

(-1 1 00 o-1)

(000-111)

(010-100)

(000-110)

(0-11000)

( 00 1 o-l-1)

(o-1 1 0 o-1)

(00-1101)

( o 1-1 1-1 o)

(00-1100)

level color Q
em

13”
4

9

9

10

5

10

6

11

II

o

7

11

5

1.2

16

1

8

12

4

8

15

2

6

13

3

7

14

(00)

(00)

(00)

(00)

(00)

(00)

(co)

(00)

(00)

(lo)

(-1 1)

( cl-l)

(lo)

(-1 1)

( o-1)

(lo)

(-1 1)

( o-1)

(01)

( l-l)

(-1 o)

(01)

( 1-1)

(-1. o)

(01)

( l-l)

(-1 o)

o

-1

1

0

1

0

0

-1

0

2/3

2/3

2/3

-1/3

-1/3

-1/3

-1/3

-1/3

-1/3

1/3

1/3

1/3

1/3

1/3

1/3

-’1/3

-2/3

-2/3

1/2

-1/2

o

0

1/2

-.1/2

1/2

-1/2

o

1/2

1/2

1/2

-1/2

-1/2

-1/2

o

0

0

0

0

0

0

0

0

0

0

0

Qt

1

1

1

1

-2

-2

-2

-2

4

1

1

1

1

1

1.

-2

-2

-2

-2

-2

-2

1

1

1

1

1

1

s~5(solo) Solo weight

5(16)

5(16)

10(16)

1(16)

5(10)

5(10)

3(10)

3(10)

1(1)

10(16)

10(’.6)

10(16)

10(16)

10(16)

ln(lrJ)

5(iO)

5(1(-))

5(10;

3(10)

3(10)

3(10)

3(16)

F(lfi)

5(16)

10(16)

IC(16)

10(16)

(1-1010)

(1000-1)

(-1 o 1-1 o)

(-1 1-1 0 1)

(0-1100)

( 00 l-l-l)

(00-111)

(01-100)

(000’30)

(00001)

(-10010)

(o-loCl)

(010-10)

(-1 1 0 o-1)

(o Co-lo)

(10000)

(0001-1)

( l-i O 0 O)

(-1 1. 00 o)

(000-11)

(-10000)

(0010-1)

( 1-1 1-1 0)

( o-1 1 o-1)

(01-110)

(10-101)

(00-110)



Table 3. Physical Roots and Axes in E6 Weight

Dynkin Basis

(000001)

Color Roots (0100-10)

(0-10011)

Weak Isospin Root (10001-1)

Q
em

axis ~( 3-2 3-3 2-2)

x 3W
axis *(1 000 1-1)

Yw axis $ 3-4 6-6 l-l)

Qt axis 3( 1-1 0 1-1 O)

Q= axis (-3-1 4 l-l-4)

Space.

Dual Basis

[123212]

[122161]

[001111]

[111110]

+[ 212010]

;[ 111110]

$ 1-1 1-3-1 o]

[ 1-1 0 1-1 o]

[-I. I4.J1O]

B axis (-3c, 3c-a, 2a-b-c, 2b-a-c, 2c-b, -a)
[-cc abc O]

L aXiS (-3dzl,2cl-c S2,d+e zl,e-2d Tl,2d-e Z2,d+e)

[-d, Cl*l, CI+L’, c’, cl~l, 01


